EVOLUTION SYSTEMS OF MEASURES FOR 
NON- AUTONOMOUS ORNSTEIN-UHLENBECK 
PROCESSES WITH LEVY NOISE 



ROBERT WOOSTER* 



646 Swift Road 
Department of Mathematical Sciences 
United States Military Academy 
West Point, NY 10996 

Abstract. We begin by stating some of the important properties 
of Levy processes, and some well-known results about stochastic 
differential equations with Levy noise terms. We then examine 
the question of existence and uniqueness of evolution systems of 
measures for non- autonomous Ornstein-Uhlenbeck-type processes 
with jumps. Finally we give some examples where we explicitly 
compute the densities of such families of measures. 
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1. Preliminaries 

1.1. Notation. Throughout the paper we will use the following nota- 
tion: 

• Br{a) = {x E : \x — a\ < r} denotes the ball of radius r 
centered at a G M^. -Bj? is the closed ball. 

• BiR"^) denotes the Borel a-field on R'^. 

• Bb{M.'^) denotes the space of all bounded Borel functions on M.'^. 

• Cb{M.'^) denotes the space of all bounded continuous functions 
on M"^. 

• £(M'^) denotes the space of all d X d matrices. 

• denotes the convolution of two Borel probability measures 



on iti''. 



(/i*z/)(yl)= / iJi{A — x)i'{dx) 
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for any A G BiW^). 
• V denotes the characteristic function of a probabihty measure 
V on W^, 



1.2. Introduction. In this paper we fix without further mention a 
filtered probabihty space J-", J-i, P) where the filtration Tt satisfies 
the usual hypothesis of completeness and right continuity. Consider the 
non-autonomous Ornstein-Uhlenbeck type stochastic differential equa- 
tion 



taking values in R"^, and where x G M'^, s, t G R, / : M ^ M'^, A : M ^ 
£(R'^), 5 : R /:(R'^) are bounded and continuous, and Z : x R ^ 
R'^ is a Levy process. The process Z will be referred to as the noise 
term in the equation. 

A Levy process is essentially a stochastic process with stationary 
and independent increments. Levy processes are natural candidates to 
work with for two reasons. Firstly, examples are robust, including the 
stable (which include Gaussian) and Poisson processes. The second 
reason is that the characteristic function has an elegant form, given by 
the celebrated Levy-Khintchine formula. Theorem 12.51 This allows us 
to study Levy processes, and the stochastic processes that solve II. H 
using Fourier analysis. 

The goal of our paper is to give an existence and uniqueness result of 
an evolution system of measures for the solution to fll.ip . The definition 
of an evolution system of measures is given below and can be thought of 
as a natural generalization of the notion of an invariant measure to the 
non-autonomous case. We pay particular attention to the case where Z 
is a-stable with index of stability < a < 2. In the cases where a = 1 
and a = 2, we explicitly compute the densities of evolution families. 

Our paper is organized as follows. In Section [2] we give an explicit 
form for the solution of (11. ip . which we denote Xs^r^{^\ The two- 
parameter transition semigroup corresponding to Xs^x{t^ is defined as 
usual. 




dX{t) = {A{t)X{t-) + f{t))dt + B(t)dZ{t) 
X{s) = X, 



(1.1) 




where Ps,t{x, A) is the transition probability of Xs^x{t), i.e. 

p,,t(a;, A) = P(X(t) G A\X{s) = x),Ae -B(R'^). 
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The main result of this paper is in Section [3J There we prove the 
existence of a unique family of probability measures, {i't}teR, which 
satisfy the equation 



for any / G i?5(]R^). Such a family is called an evolution family of 
measures. 

Existence and uniqueness of invariant measures for processes that 
arise from solutions to autonomous versions of II. II are well-known. For 
example the solution to the stochastic initial value problem, 



is the Ornstein-Uhlenbeck process. 

Here A is the generator of a strongly continuous semigroup, Tf, of 
linear operators on a space E. The transition semigroup of X is given 
by Mehler's formula 



Such processes were first studied in a Hilbert space setting by Cho- 
jnowska and Michalik in [5]. Further work in this area was done by 
Applebaum in [2] and [3], van Neerven [TT], and Lescot and Rock- 
ner Existence of invariant measures for such processes are well- 
known. In [7], Fuhrman and Rockner gave conditions under which a 
unique invariant measure exists for the semigroup Pt- Stochastic dif- 
ferential equation equations with a symmetric a-stable noise term were 
studied by Zanzotto [12]. 

The techniques used in the proof of Theorem 13.101 are similar to the 
proof of Theorem 3.1 in [7J. In that paper Fuhrman and Rockner de- 
composed the law of X into its deterministic, drift, and jump parts, and 
gave a proof based on weak compactness and weak convergence. How- 
ever because the result in this paper is for a non-autonomous setting, 
there are some significant differences. One of them being a tightness 
condition on the evolution family of measures in Lemma 13.51 

Work done in the non-autonomous setting was done by DaPrato and 
Lunardi in [6]. They proved that if A{t) is T-periodic and Z{t) is a 
d- dimensional Brownian motion, then an evolution family of measures 
exists. They also showed that under the additional assumption that 




oo < s < t < oo, 



dX{t) = AX{t) + dZ{t) 
X(0) = X, 




where Ht is a family of probability measures which satisfy 
lit+s = ifJ't o T^^) * fis, for all s, t > 0. 
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ft is T-periodic, there exists a unique T-periodic evolution family of 
measures. Because the noise term in [B] is a Brownian motion, the 
evolution family of measures is Gaussian, and a formula for the mean 
and variance is computed explicitly. In this paper, we do not make 
any periodicity assumption, and our result agrees with DaPrato and 
Lunardi in this case. We also replace the Brownian motion with a more 
general Levy process. 

In general, we cannot expect to be able to compute the laws of an 
evolution family explicitly if we replace the noise term with a Levy 
process other than a Brownian motion. However, in Section H] we give 
an example where we can explicitly compute the laws of such an evo- 
lution system of measures if Z is a symmetric a-stable Levy process, 
with a = \. A value of a = 2 would yield a result consistent with Da 
Prato and Lunardi, see 

2. Ornstein-Uhlenbeck type stochastic differential 

equation 

In this section we recall the notion of a strong solution to (11. II) and 
compute its characteristic function. 

Definition 2.1. A strong solution to flLip is a cadlag process, adapted 
to the filtration generated by Z{t), satisfying the integral equation, 

X{t)=x + [ {A{r)X{r-) + f{r))dr+ [ B{r)dZ{r), s<t. 



We will sometimes denote this solution as Xs,x{t)- 

Definition 2.2. The evolution operator in R'' associated with A{t) is 
the family of operators which solve 

U(s,s)=I, 
s, t G M and / is the identity operator. 
It satisfies the properties 

U{t,s)U{s,r) = U{t,r), s,r,tGM, 
U{s,rfU{t,sf = U{t,rf, s,r,teM, 

^^l^ = -U{t,s)A{s), s,reR. 

OS 

The following assumption on U is common and is crucial to ensure 
good behavior in much of what follows. 
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Assumption 1. We assume that the evolution operator U{t, s) satisfies 
the following stability assumption: there exists C,e > such that, 

\\U{t,s)\\<Ce-<'-~'\ 

for all —CO < s < t < CO. 

It is important to note that Assumption [T] cannot be replaced by 
an assumption on A{t) itself. For example, even if the eigenvalues 
of A{t) are negative and bounded away from zero uniformly for all t, 
Assumption [T] need not hold. See [1] Example 3.5, p. 61. 

Theorem 2.3. The stochastic differential equation (11.11) has a unique 
strong solution, which we can write in terms of the evolution operator, 

Xs,.{t) = U{t,s)x+ I U{t,r)f{r)dr+ [ U{t,r)B{r)dZ{r). (2.1) 

J s J s 

Proof See [1], Theorem 6.2.9, p. 311-2. □ 

The transition semigroup is given by a generalized version of Mehler's 
formula 



Ps,tf{x) = [ f{U{t, s)x + y)ps,t{0, dy), / G B, 



Definition 2.4. A Borel measure, M, on M*^ is called a Levy measure 
if 

[ Jp^M{dy) <oo, 

V 1 + \y\ 

and M({0}) = 0. An equivalent definition sometimes used is 

(1 A \y\'^)M{dy) < oo. 



The next theorem gives the characteristic function of an infinitely 
divisible random variable in terms of three parameters. In particular, 
for each fixed t for a Levy process Z, Z{t) has an infinitely divisible 
distribution. The usefulness of the Levy-Khintchine formula is an im- 
portant factor in choosing to use a Levy process for the noise term when 
working with stochastic differential equations with jumps. A proof can 
be found, e.g. Theorem 1.2.14, p. 29 and Corollary 2.4.20, p. 127 
inp. 

Theorem 2.5 (Levy-Khintchine formula). The characteristic function 
of the Levy process, Z , is of the form 



[a) = exp[-tr/(a)]. 
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-i{b, a) + - (a, Ra) 



1 



M{dy), 



b G M'^, R is a positive definite symmetric d x d matrix, and M is a 
Levy measure on M'^ — {0}. The set of parameters [b,R,M] uniquely 
determine the process and are called the Levy triple of Z . Furthermore 
the function rj is continuous. 

In the next two propositions we see that for each fixed s, t G M and 
X e M*^, the solution to fll.ip . is an infinitely divisible random 

variable. In Proposition 12.61 we compute the characteristic function of 
this process. The property that Levy processes have independent and 
stationary increments is important here. In Proposition 12. 7[ we utilize 
the Levy-Khintchine formula to compute the triple of .^.(t). 

Proposition 2.6. The characteristic function of the process 



Y{t) 



is of the form 



4>Y{t) (a) = exp 



U{t,r)B{r)dZ{r) 



r]{B{rfU{t,rfa)dr 



Proof. Fix — oo < s < t < oo. Let P„ = {s 



m{n) 



< n' < 



< 



t} be a sequence of partitions such that ||P„|| — as n — )■ cxd. 



By the construction of the Ito stochastic integral, 
Vw(a) =Eexp(?(a,r(t))) 



Eexp(^i{a,j^ U{t,r)B{r)dZ{r)) 



m{n) 



Eexp K ( a, lim 5^ U{t,rf)B{rf){Z{r\^^,) - Z(rj"))) 



Next we take the limit out of the expectation using the Dominated 
Convergence theorem 



m(n) 



lim Eexp h ( a, ^ [/(t, rj"))5(rj"))(Z(r]^\) - Z(rf ))) 



m{n) 



lim E J] exp U U, U{t,rf)B{rf){Z{r\";,) - Z{rf)) 
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In the next several steps we use the fact that Z has independent and 
stationary increments. 

rain) 

</)y(,)(a) = Jim n Eexp (z ia,-U{t,rf)B{rf){Z{r%) - Z{rf)) 

m(n) 

= jim fj Eexp [i lB{rffV{t,rffa, {Z{r%) - Z{rf)) 

m(n) 

= Jim fj Eexp (z (^(rf ^[/(t, rff a, Z{r% - rf) 
Finally we use Theorem 12.51 to finish the proof. 

m(n) 

0y(,)(a) = Jim n ("(^jS - rf ))r/(i?(rj"))^f/(t, rf))^a: 



rain) 



Jimexp I -^r/(5(rfyf/(t,rfya)(r]fi-rf)) 

m(ri) 



exp Jim 5^ r/(i?(rfyf/(t, rf ya)(r]:;\ - rf) 
exp - / ri{B{rfU{t,rfa)dr . 



□ 

Proposition 2.7. For each — oo < s < t < oo, x G M'^, i/ie process 
Xs,x{t) is infinitely divisible with the triple 

{U{t,s)x + bs,t,Rs,t,M,^t), 

where 

hs,t= I U{t,r)f{r)dr + ! U{t,r)B{r)b dr 

J S J S 

Rs,t = U{t,r)B{r)RB{rfU{t,rfdr, and 
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Proof. Using Proposition 12.61 



^(i)(a) = Eexp [i{a,Xs,xit))] 



=Eexp 
= exp 
exp 



i{a,U{t,s)x+ / U{t,r)f{r)dr+ / U{t,r)B{r)dZ{r) 



i{a,U{t,s)x + / U{t,r)f{r)dr 



- / r]{B{rfU{t,rfa)dr 



Now by Theorem 12.51 



exp< i ( a,U{t, s)x + / U{t,r)f{r)dr 



+ / ii{b,B{rfU{t,rfa) 



- - {B{rfU{t,rfa,RB{rfU{t,rfa) 



+ 



i{B(^rru{t,rra,y) _ _ I {B{r)'^ U {t, rf a, y) 



M{dy) \ dr 



Next we rearrange some terms, and add and subtract l^^pftr)B(r)% 
obtain 



to 



exp|i ^a, f/(t, s)x + j U{t,r)f{r)dr + / U{t,r)B{r)b dr 
^ (a, U{t,r)B{r)RB{rfU{t,rfdr a 

' i{a,U{t,r)B(r)y) _ . _ t {a, U jt, f) B {r)y) 

l + \U{t,r)B{r)y\^ 




+ 



i{a,U{t,r)B{r)y) i {a,U{t,r)B{r)y) 



1+ \U{t,r)B{r)y\'^ 



i + \y\' 



M{dy)dr ). 
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After more rearranging and a change of variables takes the desired 
form. 



exp\i {a,U{t,s)x + / U{t,r)f{r)dr + J U{t,r)B{r)b dr 

1 1 



+ 1 { a 




U{t,r)B{r)y 



+ 



l + \U{t,r)B{r)y\^ 1 + 
^ (a, U{t,r)B{r)RB{rfU{t,rfdr a 

^i(a,z) _ ^ _ lJ^hI^M{B(r)-^Uit,r)-^dz)dr 

1 + -2 



M{dy)dr 




Now we show Rg^t is non-negative definite, symmetric, and bounded, 
and that Mg^t is a Levy measure. 
Let y eR'^ and s,teR. 

{y, Rg,ty) = f {B{rfU{t, rfy, RB{rfU{t, rfy) dr > 0, 

J s 

since R is non-negative definite. 
Furthermore since R is symmetric. 



{y,Rs,ty)= I {y,U{t,r)B{r)RB{rYU{t,rYy)dr 

[U{t, r)B{r)RB{rfU{t, rfy, y) dr = {Rg^a, y) . 



Let \y\ < 1. Since B is bounded, let be such that Cb > 1 and 
< Cb for all t eR. By Assumption [1] we have. 



\Rs,ty\ 



U{t,r)B{r)RB{rfU{t,rfdr y 

< \U{t,r)B{r)RB{rfU{t,rfy\ dr 

< C^Cl\\R\\ fe-^^'-'-^dr = ^'^b\\R\\ _ g-2e(t-s)) _ 
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Thus for all — oo < s < t < oo, 

II II I I WWO it 

\\tis,t\ \ = sup \Rs,ty\ < 



Since M is Levy measure, set 



2e 



< oo. 



K, := / \y\'M{dy), 
J{\y\<i} 



and 



^2 := M N \y\ > 



CCf 



Then for — oo < s <t < oo, we have 

/ {lA\y\')Ms,t{dy) = f [ {lA\y\')M{B{r)-'U{t,r)-'dy)df 

^ [ [ {I A\U{t,r)B{r)z\'^) M{dz)dr 

Js JR^ 

< [ [ {lAC^Cl\z\^)M{dz)dr 

Js Jw 




{lAC^Cl\z\^)M(dz) 



+ 



{lAC^Cl\z\^)M{dz) 



dr 



-{t-s] 



if 



C'C's\y\'M{dy)dr + 




M{dy) 



< [C^ClKi + K2) it-s)< 00, 
shows that j arc Levy measures. 



□ 



Note that as s — > —00, Mg^t is an increasing family of measures. Sim- 
ilarly Rg^t is an increasing family of nonnegative symmetric matrices. 
We define 

ft 



■oo,t 



U{t, r)B{r)RB{rfU{t, rf dr, 



and 



Ae 



M_oo,t(^) := supM,,i(^) = / M{B{r)-^U{t,r)-^ 

s<t J —00 



{A))dT, 



evolution systems of measures with levy noise 11 
3. Invariant measures and evolution system of measures 
Let us first consider the autonomous version of (11. ip 



dY{t) = {AY{t-) + z)dt + BdZ(t) 
Y{s)=y, 



(3.1) 



taking values in M"^, and where y, z E W'', s,t E M., A, B E £(M'^), and 
Z : X M — )■ R*^ is a Levy process. 

Let Ps^t denote the transition semigroup of operators of a Markov 
process X 



for / E Bb{R'^). 

Definition 3.1. If Pg^t = Po,t-s for all < s < t < oo, then X is said 
to be time-homogeneous. In this case we write Po,t as Pf. 

It is well-known that the solution to (13. ip is a time-homogeneous 
Markov process, see Theorem 6.4.5, [IJ. In this case the semigroup is 
a one-parameter group and we write Po,t as Pj. 

Definition 3.2. A Borel probability measure fi is an invariant measure 



Unlike in the autonomous case, the solution to (11.11) is not time- 
homogeneous, and so we cannot expect to find a single invariant mea- 
sure. Instead we look for a family of probability measures, z/t,t E M, 
called and an evolution family (or evolution system) of measures. 

Definition 3.3. Let Xs,x{t) be as in (12. ip . A family of Borel probabil- 
ity measures, {i't}tm is an evolution family of measures for the process. 



P,,i/(x) = E[/(X(t))|X(s) = x] 



for X if 




for alH > 0, / G Pfe(M'^). 




(3.2) 



for all -oo < s < t < cx), / G BbiM."^). 



Remark 3.4. Using a standard monotone class argument, (13. 2p need 
only hold for indicator functions or for / of the form f{x) = exp{i{a, x)), 
a E R"^. 
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In the case of /(x) = exp{i{a,x)), using Proposition \2.6\ (13. 2 p be- 
comes 



Us [U (t, s)^aj exp ^ (^a, J 



U{t,r)f{r)dr) x 



exp 



ri{B{rfUit, rfa)dr \ = z>i(a), (3.3) 



where v denotes the characteristic function of v. 
In the case of / = 1^, -4 G B{W^), ([S^D becomes 



(3.4) 



Lemma 3.5. Suppose Assumption Q] holds. If {i's}sm ^^'^ evolu- 
tion system of measures such that there exists an integer Nq such that 
the suh- collection {vs}s<No uniformly tight, then Vg o ?7(t, s)~^ — ?■ 5q 
weakly as s —)■ —oo for each fixed t. 

Proof Fix t and let / G ^^(M'^) and choose M so that \ f\ < M. Let 
e > be given. Choose 5 > so that if |a;| < 6, then |/(a;)-/(0)| < e/2. 
Using the tightness assumption, choose R so that 



UsiBniO)) > 1 



AM 



for s < Nq. 

By Assumption [H U{t,s)x — )■ for all a; G M'^ as s — )■ —oo. Thus 
\\U(t, s)|| as s -oo. Choose N < Nq, such that if s < A^, then 

\mt,s)\\<^. 

Then for s < we have 



f{x)us{U{t,s)-'dx) 



f{x)So{dx] 



f{U{t,s)x)vs{dx)- / f{x)6o{dx 



f{U{t,s)x)us{dx)-f{0) 



(3.5) 
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Since Us is a probability measure, fl3.5p is equal to 



[ [f{U{t,s)x)-fm^s{dx) 



< [ [f{U{t,s)x)-f{0)]u,{dx) 



Jbr{o) 



+ [ [f{U{t,s)x)-fm^s{dx) 



J\x\>R 



< e/2 + 2M- e/4M = e. 



□ 



The next several lemmas are from [9] , and are needed in the proof of 
Theorem 13. 101 We will also need the notion of shift relative compact- 
ness. 

Definition 3.6. A set of Borel probability measures, H is said to 
be shift relatively compact if, for every sequence /i„ G Ti, there is a 
sequence such that z/„ is a right (or left) translate of and has 
a convergent subsequence. 

Lemma 3.7 (Parthasarathy, Theorem III.2.2). Let X be a complete 
separable metric group and let {A„}, {/i„}, {i^n} be three sequences of 
measures on X such that Xn = fin* n = 1,2, ...If the sequence {A„} 
is relatively compact then the sequences {/i„} and {vn} are right- and 
left-shift compact, respectively. 



Theorem 3.8 (Parthasarathy, Theorem VI.5.3). In order that a se- 
quence Hn of infinitely divisible distributions with representations fin = 
[xn, Rni Mn] bc Conditionally compact it is necessary and sufficient that 
the following hold: 

(i) {Mn} restricted to to the complement of any neighborhood of 
the origin is weakly relatively compact. 

(ii) {Sn} defined by liS. 6\) is compact. 

(iii) Xn is compact in X . 



Theorem 3.9 (Parthasarathy, Theorem III.2.1). Let X be a complete 
separable metric group and let {A„}, {fin}, {^n} be three sequences of 
measures on X such that Xn = fin * for each n. If the sequences 
{Xn} and {fin} are relatively compact then so is the sequence {z/„}. 



Proof. See p. 59, [9]. 



□ 



Proof. See p. 187, [9J. 



□ 



Proof. See p. 58, [9]. 



□ 
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We are now ready to prove the main result of this paper. 



Theorem 3.10. // there exists an evolution system of measures for 
^s,x{t) then the following conditions hold: 



(i) For any t G M, suptri?s^( < oo, 

s<t 

ft 

|2\ 



(ii) For any t e R, / {1 A \U{t,r)B{r)y\^)M{dy)dr < oo. 
If in addition, 

(iii) for any t G M and x G M'', U(t, s)x — > as s — )■ —oo, and there 
exists an N such that the collection {i't}t<N is uniformly tight, 

then ft is unique and there exists &_oo,t := hms_j,_oo &s,t- 

Conversely if (i) and (ii) hold and \vcsis^-oobs,t exists then for each 
t G M, M_oo,4 is a Levy measure and the evolution system of measures, 
ft, is given by 



= [&-oo,t, R-oo,U 



oo,t I 



Proof. We prove the converse first. Suppose (i), (ii) hold and the limit 
(iii) exists. Fix t G M. Using (ii), 



{lA\y\')M_^^t{dy)= / (1 A |yp) / M{B{r)-'U{t,r)-\dy))dr 

J —oo 

;i A \y\'^)M{B{r)-^U{t,ry\dy))dr 
[1 A \B{r)U{t,r)y\^)M{dy)dr < oo 



shows that M_oo,t is a Levy measure. 

From the computation of the Levy triple of Xs^^{t) in Proposition 
\'2.7\ it follows that 



* \ \ r rt 

TTTI4- „\T, 



i>t{a) = exp { i ( a, / U{t,r)f{r)dr)\exp<— / ri{B{r) U{t,r) a)dr 
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Then using fl3.3p in Remark 13 .4^ 



t 

TttU „\T, 



exp|-y r]{B{ryU{t,ry a)dr 
■■ exp ii(U{t, s)^a, / U {s, r)f{r)dr ) ) x 



exp |-y r]{B{ry U{s,ry U{t, sy a)dr ^ x 
exp ^ (^a, J U{t,r) f{r)dr^^ exp i^— J ri{B{r)^U{t,r)^a)dr 
■ exp i i (a, U{t, r)f{r)dr ) I x 



exp T]{B{r)^U{t,rfa)dr'^ = 9t{a) 

shows that z/j is an evolution system of measures. 

Suppose now that an evolution system of measures, Ut, exists. Fix t, 
then using (13.41) in Remark 13. 4[ for s < t, 

vt = ps,t{^, ■H'^soUit, s)-^) = 5b,,,*[0, Rs,t, 0]*[0, 0, MsM'^soUit, s)''), 

where 6y is the Dirac measure at y. 

Set s = —n. Then by Lemma [331 the sequence Sb_„ t * [0, R-n,t, 0] * 
[0, 0, M-n.t] is shift relatively compact. This means that there is a 
sequence ?/„ G M'^ (depending on t) such that 

^yn * <^fe-„,. * [0, R-n,t, 0] * [0, 0, M-n,t] = [Vn + b-n,t, R-n,t, M_n,t] 

is weakly relatively compact. 

Let Sn : M'^ — > M'^ be a sequence of operators defined by 

{Sny,y) = {R-n,ty,y) + {x^y^dM^nA^) (3-6) 

J\x\<l 

By Theorem 13.81 the following hold: 

(a) {M_„ i} restricted to the complement of any neighborhood of 
the origin is weakly relatively compact, 

(b) sup^tr^n < oo, 

(c) y-n + b^n,t is relatively compact in R"^. 
Part (a) implies 

M_^A{\x\ > 1}) = supM_„,i({|x| > 1}) < oo. 
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By (b) we have 

tri?_oo,t + / |xpM_oo,t((ix) = sup I tTR_n,t + / \x\'^M_n,tidx) J 

J\x\<l n V "'|a;|<l / 

= SUptr^n < CXD. 

n 

Thus M-oo,t is a Levy measure for each t, and (i) and (ii) hold by 
Lemma 3.4 of [?]. 

Now suppose in addition that U(t,s)x — )■ as s — )■ — oo and there 
exists an such that the collection {i't}t<N is uniformly tight. Then 
by Lemma [3.5^ o f/(t, s)^^ — t- 6q weakly as s — — oo. By Lemma 
3.4 [U, [0,R,,t,0] ^ [0, i?_oo,t, 0] and [0,0,M,,J ^ [0,0,M_oo,i] weakly 
as s — >■ — oo. Thus by the weak continuity of convolution we conclude 

[0, Rs,t, 0] * [0, 0, M,,t] * {us o U{t, sy') ^ [0, i?_oo,t, 0] * [0, 0, M_oo,t]. 

Let Sn be a sequence decreasing to — oo. Then 

ut = 6b,,, * [0, Rs,t, 0] * [0, 0, Ms,t] * {i^s o U{t, sr^), 

and by Theorem l3.9l the collection {Sb,^ tln-sN is weakly relatively com- 
pact. Thus there is a probability measure at and a subsequence such 
that J — )■ cTf weakly. Letting A; — )• oo, 

Z/t = (Tt*[0,i?_oo,t,0]*[0,0,M_oo,t]. 

Taking Fourier transforms of both sides we have 

at = i)t{[0,RZ^t,0] ■ [0,(VWloo,d)"\ 

We see that at does not depend on the subsequence, and so Sb^^^t con- 
verges weakly. This implies that 6_oo,t := hnin-s-oo exists. Since s„ 
is arbitrary, we have 6_oo,t = lim^^.oo bs,t, 
Thus we have shown that 

= Sb_^,, * [0, R-oc,t, 0] * [0, 0, M_oo,i] 
is uniquely determined. 

□ 

4. Examples 

In this final section we give some examples where we explicitly com- 
pute the characteristic functions and densities of evolution systems of 
measures to which Theorem 13.101 applies. The first example is where 
the noise term is a (i-dimensional Gaussian process. If we further re- 
quire the coefficients to be T-periodic and take the Gaussian process 
to a be Brownian motion, the result agrees with DaPrato and Lunardi 
in [6]. In the second example we consider the case where Z{t) is a one 
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dimensional symmetric a-stable process. Where Z{t) has a Cauchy 
distribution, i.e. a = 1, we exphcitly compute the densities of the 
evolution system of measures. 

Example 4.1. Let Z{t) have the Levy triple [b,R,0], i.e. Z{t) is a d- 
dimensional Gaussian process with mean vector b and covariance ma- 
trix R. 

The stability assumption on U(t,s) implies that sup^^^ tri?s^f < oo, 
and that lim5_>_oo exists. Thus by \3.10\ the family of Gaussian 
measures with triple Vt ~ [&-oo,t5 R-oo,t, 0] is an evolution family of 
measures for the process Xs^x{t), where 




To verify this let us use 113. !^) . 



OsiU (t, s)^a) = exp i (6_oo,s, U {t, s)^a) 




Inserting 



b 



— oo,s 




and 



R. 




into the above equation and moving the U{t, s)'^ to the other side in the 
inner product we obtain 



i),{U{t,sya)=expi{ U{t,r)f{r)dr+ U{t,r)B{r)b dr,a 
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exp 



r]{B{rfU{t,rfa)dr 
i l^j^ U{t,r)B{r)b dr,a 
~ ^ U{t,r)B{r)RB{rfU{t,rfdr a 



exp 



Thus 



Us {U{t, s)'^aj exp 



i (a, U{t, r)f{r)dr 



X 



exp 



- / r]{B{rfU{t,rfa)dr 



exp 



U{t,r)f{r)dr+ U{t,r)B{r)b dr,a 



- /a, j U{t,r)B{r)RB{rfU{t,rfdr a 

2 \ J -oo 



i>t{a), 



confirms that vt is an evolution system of measures by uniqueness of 
the Fourier transform. 

The fact that stochastic integrals with respect to symmetric a-stable 
processes are a-stable make them a very useful subclass of Levy pro- 
cesses. The next proposition summarizes this result. A proof can be 
found in Samorodnitsky and Taqqu's book on stable processes, p^ . 



Proposition 4.2. Suppose Z{t) is a symmetric, a-stable Levy process 
with characteristic function 



4>z{t){a) 



Then for each fixed s <t, the random variable 



dZ{u) 



has an a-stable distribution with characteristic function 



^Ys{t)[a) = exp < (T 



Example 4.3. Let Z(t) be a 1-dimensional symmetric a-stable process 
with index of stability < a < 2. 
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A one dimensional version of U.l\) is 

dX{t) = X{t) [/i(t) - X{t-)] dt + a{t)dZ{t), 
X{s)=x, (4.1) 

where A, /x, a are bounded and continuous on M, and a; G M. In addition 
we require X{t) > e > for all t ^M.. Here the evolution operator has 
the form U{t,s) = e~ ■l^o ^^'^'i'^^ . The positivity condition on A implies 
AssumptionUl is satisfied. 
We write the solution to ( [^. 

X{t) = X,,^(t) =e-i'>(")'^"x + ^ e-^r^^^)dux(^r)fi{r)dr 

+ e-^r^'^^)'i^a{r)dZ{r). 
The transition semigroup associated with X takes the form, 



fle-f>^^^'''^x + y)ps,tiO,dy). 



Ps,tf{x) = E/(X,,,(t)) 



For each t > s, the law of Xs^x{t) is a-stable and has characteristic 
function 

'•t 



t e 



X + 



_ / e-"^''^(")'^"[a(r)]"rfr |a|" 
The collection of measures, {vtit G M}, with characteristic functions 

rt 



ut = exp 

is the unique evolution system of measures for Xs^xit). In the case 
where a = 1, we can explicitly write the densities of the vt, 

a{t) 



where 



and 



[{y - b{t)Y + {a{t)Y] , 

/t 
e-^r^^^)d^a{r)dr, 
-oo 

b{t) = / e-^r^^^)<inx(^r)fx{r)dr. 
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